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We show that, in the context of pure Einstein gravity, a democratic principle for intersection 
possibilities of branes winding around extra dimensions in a given partitioning yield stabilization, 
while what the observed space follows is matter-like dust evolution . Here democracy is used in 
the sense that, in a given decimation of extra dimensions, all possible wrappings and hence all 
possible intersections are allowed. Generally, the necessary and sufficient condition for this is that 
the dimensionality m of the observed space dimensions obey 3 < m < N where A'^ is the decimation 
order of the extra dimensions. 



I. INTRODUCTION 

One extension of standard theories of high energy 
physics possibly unifying aU known forces is string the- 
ory which mathematicaUy necessitates extra dimensions 
other than the three we observe daily and that these extra 
dimensions are compact and very small. One important 
question once this proposition is accepted is that why 
these extra dimensions remained so small in contrast to 
the known universe. It is therefor important to look for 
ways to stabilize the size of extra dimensions within the 
context of cosmological evolution of the universe where it 
is known that the observed dimensions expand and have 
expanded throughout its history. 

The literature on this nowadays rather vivid topic is 
considerable and we refer the reader to the following arti- 
cles on brane gas cosmology Q-H^l- Articles par- 
ticularly deal with the stabilization problem, while 0- 
[2^ are works on brane gas cosmology also relevant to 
this work. 

In this paper we confine the discussion to pure Einstein 
gravity and to brane winding modes only. The outline of 
the manuscript is as follows. After laying out the main 
mathematical formalism we present two explicit cases of 
winding schemes. Namely the 2-fold and 3-fold decima- 
tions, where the extra dimensions are divided into two 
and three lumps respectively. After discussing the possi- 
bilities for stabilization of extra dimensions in these ex- 
plicit examples we then present stabilization conditions 
for an N-fold decimation where we made the simplifying 
assumption of symmetric decimation, that is the extra di- 
mensions are divided into N equidimensional parts, pro- 
vided it can be done. This assumption makes it easy to 
deal with an otherwise very complicated non-linear cou- 
pled system. The general lesson is that for stabilization 
to occur the number of dimensions of the observed space 
has to obey 3 < ?7i < A^. 



II. FORMALISM 

The metric relevant for cosmological purposes is given 
by the following. 



.2c,(t; 
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Here the Ci and yi represent the scale factor and the 
coordinates of extra dimensions respectively, the dimen- 
sionality of each partition is pi . For clarity we separated 
the observed dimensions with scale factor B and dimen- 
sionality m. We also assume that the observed dimen- 
sions Xi are non-compact and the yi represent compact 
extra dimensions with the topology of each. The total 
space time dimensionality is d = I + m + '^^pi. 

The pure Einstein gravity equations coupled to matter 

is 
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With these assumptions the equations of motion for the 
scale factors can be cast as follows (we set = 1), 
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The hatted indices refer the the orthonormal co- 
ordinates. Also p represents the total energy density and 
Tj^c are the components of the total energy-momentum 
tensor while T is its trace. 

For brane winding modes the total energy momentum 
tensor for a particular winding pattern can be shown to 
be a sum of dust-like energy momentum tensors with 
pressure coefficients to be zero wherever there is no 
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wrapping and minus one wherever there is wrapping 
0. The energy density for any such conserved energy- 
momentum tensor would be 



{p)q®p{q) 



Po exp 
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with Pq > and as mentioned Wi = —1 for directions 
where there is a wrapped brane and = if thjre is 
no brane wrapped in that direction. FoUowing 4] we 
call Wi = "1 winding and Wi = transverse directions 
respectively. Note in particular that since branes only 
wrap around extra dimensions, observed space is trans- 
verse to those and the corresponding pressure coefficient 
vanishes: we have Tgg = 0. 

Now if stabilization ever happens the rest of the 
equations should remain compatible. Stabilization 
would require all Ci and d to vanish and we there- 
for get the following relation (upon observing that 
^jPi [RHS of Ci equations] 0), 
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This results in the following equations for B 
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The above is meant to read there is one brane wrapping 
along the p directions and another one wrapping along 
the q directions. The Ci equations are therefore 
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Which could be written as a matrix equation 
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Here we have defined X = PqC"''-^'' and Y 
and omitted the irrelevant factors. For a non-trivial so- 
lution we must have determinant of the matrix in I|1U|) 
vanish. This quantity is -(m-3) (d-2). Therefor the neces- 
sary requirement is to = 3. On the other hand however 
the solutions must all be positive definite as evident from 
the definitions of X and Y . With m = 3 the nuUspace of 
the matrix in (|10|l is (1,1). Therefor there is stabilization 
and necessary and sufficient condition is that m = 3. 
We could enlarge the winding scheme to the following 



Here p = e~™^ x cr. The constant a depends on values of 
the stabilized scale Ci(0) and energy density factors p^. 
The equations © for B are congruent only if oc i^/™ 
which is the evolution of presureless dust. This is to be 
expected since branes do not exert any pressure along the 
observed dimensions. The only remaining condition is 
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which can be satisfied without problem since we still have 
the choice of -B(O). 

Thus if we can somehow find a way to stabilize the 
extra dimensions. This solutions will not spoil the rest 
of the equations and we would be safe. From now on we 
will focus on the Ci equations to study stabilization. 



A. 2-Fold Decimation 

In this section we would like to reproduce the results 
presented in 0, 0| to clarify the formalism. We divide 
the spacetime in the way 1 + m -\- p -\- that is the extra 
dimensions are divided in a 2-fold partitioning. We also 
use the following winding scheme. 



{p)q®p{q)®{pq) 
and this would give the following 
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This would result \n X = Y = -(m - 2.) / [m - 3)pg' 
and again a positive definite solution would not be pos- 
sible unless TO = 3. Therefor the winding mode {pq) is 
forbidden for stabilization in this case. 



B. 3- Fold Decimation 

To get further acquainted with the formalism let us 
consider a partitioning of the form l-\-m-\-p + q-\-r. And 
consider the following cascaded winding scheme 



{pq)r ® p{qr) © q{rp) 

With these assumptions the stabilization equations for 
extra dimensions read 
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With X — f^^e^'^'-^^ and similarly for the others. The determinant of the matrix in l|12|l is (5 — 2m){d — 2)^, which 
won't allow a non-trivial solution for integer m. To be able to go around this we could add the {pqr) winding mode 
so that the total winding scheme is 



for which the stabilization equations are, 
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The solutions to this system would he X = Y = Z = 
Pq''' (to — 2) /(5 — 2m) which makes it impossible to have 
positive definite solutions for to > 2. 

The only possibility left is to consider further winding 
modes around one part of the decimation. That is wc 
now look for the following winding scheme 



This argument simplifies matters to a considerable ex- 
tent since we will only have one variable to deal with and 
the problem will resolve to the finding positive definite 
roots to a polynomial equation. For our winding scheme 
this equation will be 



{pq)r ®p{qr) © q{rp) © [pqr) © {p)qr (B p{q)r (B pq{r) 

This scheme will bring quadratic terms involving XY, 
XZ and YZ. Since for example the winding mode {p)qr 
will have two transverse partitions the corresponding en- 
ergy density will be pPe-"^B-qC^-rCr -v^rhich is propor- 
tional to XY apart from the factor e^™^ which will can- 
cel out in the stabilization equations. So this system will 
in principle be complicated. Nevertheless we can devise 
a simpler way to procede as follows. The equations are 
invariant under the trivial permutations of quantities de- 
pending on p, q and r. Therefore if a stabilizing solutions 
exists generally, it should also exist for p — q — r and 
with this we should take all the corresponding coefficients 
of energy densities to be equal since the only parame- 
ter these can depend are the dimensionality of the space 
around which they wrap (and topology which we took 
equivocally to be tori from the outset). For example the 
modes {pq)r, p{qr) and qirp) will have equal strengths 
when p — q — r. This is what we would like to call sym- 
metric decimation and although it is not the general case 
it would give a hint on the general solution. For example 
if after setting p ^ q = r the solution does not depend 
on p we can argue as follows. Assume a non-symmetric 
solution exists and there is stabilization, then all the dif- 
ferences in the stabilization values of the scale factors 
of extra dimensions can be gauged away by rescaling the 
corresponding dimensions by appropriate amounts. Thus 
a symmetric solution hints strongly to a solution in the 
general case. 



a(4 - m)X'^ + (5 - 2m)X + f3{2 ~ m) = 



(14) 



Here a and /3 are positive numbers and are related to 
the energy densities of the corresponding winding modes. 
There are no positive definite solutions for the above 
equations for all positive a and (3 unless to = 3. This 
actually does not depend on the existence of (3, provided 
the linear term in X is present. 

Thus we have shown that in 3-fold decimation a demo- 
cratic winding scheme and hence a democratic intersec- 
tion scheme is stabilizing the extra dimensions with pos- 
itive real scale factors provided the dimensionality of the 
observed space is constrained as m = 3. 



C. N-Fold Symmetric Decimation 

The formalism in the previous part can be generalized 
easily to an N-fold democratic decimation and following 
the argument we presented we will consider symmetric 
decimation. 



1 + m+ p + P + P + 



N factors 



the winding scheme will consist of 
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{p)pppp... © Nsources® 
{pp)ppp... © Nsources© 
(ppp)pp... © Nsources© 

all N — 1 modes : Nsources © 
(ppp....) 1 source 

and this will lead to the following stabilization condition 

N-l 

P,(X) = ^ a„CnX"-/3(m-2) = (15) 

n=l 

with 

^„ = {2N -~n)-{N - n)m (16a) 

ai = 1 (16b) 

Qfj > 0; (16c) 

/3 > 0; (16d) 

Stabilization requires finding the solutions of (|15|1 for 
all Ui and (3 such that X > 0. For our purposes we do not 
need to know the most general solutions of polynomials of 
arbitrary order. We just need to find the condition on m 
such that there are positive roots. To study this we just 
need to count the sign changes in the polynomial starting 
from the highest order term, then Descartes's sign rule 
tells us that the number of positive roots is either equal 
to the number of sign changes in the coefficients or less 
than it by a multiple of 2. The sign of the coefficients 
are determined by ^„ since all ai > 0. One important 
thing to realize is that the coefficients ^„ are monotoni- 
cally decreasing with n for a given m. Thus, if there will 
be a sign change after all it will only occur once starting 
with the lowest degree term and the sign changing term 
changes and moves towards the highest degree term with 
increasing m. It can be shown that there are no sign 
changes for m < 3 and m > N (the upper bound start 
to operate for > 3) and that there is only one sign 
change in between, meaning that there is only one posi- 
tive root for all values of a„. Again this is independent 
of the full winding mode (pppp....), provided we have the 
term linear in X, since the coefficient of the (3 term is 
(2 — m) which always starts to change sign with the lin- 
ear term. Unfortunately this procedure does not fix m 
unambiguously but it certainly puts a strict lower bound 
of m > 3 and a decimation dependent upper bound of 
m < N which is enough to state that m = 3 is always suf- 
ficient to ensure stabilization although it is not necessary. 
One could turn the argument around and actually pick 
the decimation number to be A'^ = 3 which is the smallest 
number of decimations for which the bound operates and 
this unambiguously fixes m. Finally the fact that there 
is only one positive root hints at the possibility that the 
solution exists even for non-symmetric decimation. 



To complete the argument we should remember that 
the equation iQ be satisfied as well. With the parameters 
defined in H15|) and H16|l this will read 

P + N^ a,X' = 2e"^(") (^^) • (17) 

i ^ ^ 

which can be satisfied without problem by an appropriate 
choice of B{0). 

D. Stability of the equilibrium point 

In this section we discuss that the stability point is 
in fact stable, that is all admissible (see below) initial 
data will converge to the stabilization point. We first 
show that the equilibirum point is linearly stable and 
then present an argument to show that stabilization is 
also achieved in the non-linear regime. 

C^-AC+-j^e-"'^P,{X^e'P^). (18) 

If we expand C around the equilibrium point such that 
we keep only the linear perturbations C = Cq + SC we 
would get the following 

5C - -ASC - l^e-™^ Xo P;(Xo), . (19) 

where P^{Xq) denotes derivative of Ps as the equilibrium 
point. 

This is like a motion under two forces. The force which 
is proportional to A can either be a driving or a fric- 
tion force depending on the sign of A but as clear from 
the equations of motions Sign(^) is a constant of motion 
since A is never allowed to vanish by H3a|) . In 1] it has 
been observed that when Sign(74) < one has a driving 
force and a singularity is reached in finite proper time. 
For Sign(A) > on the other hand one has a friction- 
like force, this already is a hint for the stability of the 
equations in the long term. The other force is like a 
linear force depending on the sign of the RHS of l|19|l . 
This sign is unambiguously fixed by the requirements for 
stabilization. Let us remember that the coefficients of 
Ps{X) start becoming negative with increasing m start- 
ing from the lowest order term (including the constant 
term), and we have shown that there is a unique pos- 
itive root of Ps{X) if there is at least one sign change 
in the coefficients. Thus the requirement for a unique 
non-degenerate positive root also requires that the sign 
of the coefficient of the highest order term be positive, 
this would mean that the derivative of the stabilization 
polynomial at the equilibirum point is positive since the 
positive root is the largest root and the polynomial will 
either increase or decrease depending on the sign of the 
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coefficient of the largest order term . Therefor the sign 
of the RHS of H19|l is negative. The second force is an at- 
tractive hnear force in the hnear approximation. Hence 
the C equations are finearly stable near the stabilization 
fixed point. 

To try to understand what could happend in the non- 
linear regime let us remember again we have shown , given 
the conditions on m, that there is a unique positive root 
Xq of Ps{X). This would mean that we have Ps{X) < 
ioT < X < Xo and Ps{X) > for X > Xq since the 
coefficient of the highest order term is positive. We will 
confine ourselves to Sign(yi) > 0. 

Case A: Let us pick a point in the region < X < Xq 
as our initial data point. Here C is initially negative 
if initially C* > (C getting larger X getting smaller) 
and hence C will become negative at some time in the 
future (since C will never change sign until C becomes 
negative), when this transition happens we would have C 
getting smaller and X getting larger so this initial data 
eventually turns toward the equilibrium point Xq with 
an initial data equivalent to, < X < Xq and C < 
thus we should only consider this. In this case the sign 
of C depends on the interplay between the terms in ((TH|l . 
There are two cases: either the evolution of the system 
monotonically approaches Xq with C approaching zero 
from below or passes this point with C < and becomes 
a problem of Case B below. 

Case B: Let us pick a point in the region X > Xq 
as our initial data point. Here C is initially positive 
if initially C* < (C getting smaller X getting larger) 
and hence C will become positive at some time in the 
future (since C will never change sign until C becomes 
positive), when this transition happens we would get C 
getting larger and X getting smaller to this initial data 
eventually turns towars the equilibrium point Xq with 
an initial data equivalent to X > Xq and C > thus 
we should only consider this. In this case the sign of 
C depends on the interplay between the terms in (|18|l . 
There are two cases: either the evolution of the system 
monotonically approaches Xq with C approaching zero 
from above or passes this point with C > and becomes 



a problem of Case A above. 

The considerations above are enough to argue that the 
point Xq is an attractive fixed point: the solutions will 
converge to this point in the future. 



III. CONCLUSIONS 

In this work we have shown that in pure Einstein 
gravity the size of extra dimensions can be stabilized 
by winding modes alone in a particular winding system 
we called democratic winding scheme where intersections 
and windings of all possible kinds are allowed. This is 
an admirable result since during very early times in the 
cosmological evolution the extreme hot environment of 
the universe could somehow been incapable of choosing 
among winding schemes !24|. 

This model is incomplete in the sense that we have 
made the symmetric decimation choice and it is hard to 
infer directly what would happen for non-symmetric gen- 
eralization. One possibly related problem is about the 
Branderberger-Vafa (BV) (231] mechanism which implies 
that all p-branes with p > 2 annihilated very early in the 
universe. To connect the BV construct to the model of 
this paper we first realize that there are only four sym- 
metric decimations of the six extra dimensions of string 
theory These are 111111, 222, 33 and 6. Only the first 
two are allowed in the BV formalism to have non-trivial 
wrapping and unfortunately allowing only branes with 
p < 2 yields bounds for m strictly greater than three. 
Perhaps a variant of the model we presented can circum- 
vent this. 

There could be interesting extensions of the democratic 
winding idea with increasing complexity. For example it 
is fairly easy to see that adding momentum excitations 
along winding directions would change things drastically 
since the equations will be generally polynomials with 
non-integer powers psj. One could also try to enlarge 
the present system to dilaton gravity. Works along these 
lines are in progress. 
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